boundary elements 2 ) may be greater than one. If an ideal boundary element 7 of W is also that of J2, we shall represent it by 7 e Ω. Throughout the present note, ί?(with a subscript if necessary) is to be understood for such an end.
We need several propositions on analytic functions on an end, which have been proved in the case where the end has only one ideal boundary element (see Heins [2] ) . Since in our case they can be proved analogously, we omit the proofs of them. Let / be an analytic function on an end Ω 0 . In analogy to § 4 in [2] , we define the local degree d(f t r γ) of f at 7 e Ω Q as follows. Let Ω be a generic end such that 7 e Ω C Ω Q and N(Ω) be the maximum number of times that / takes on any of its values in Ω. We then put d(f, 7) = min ς*N(Ω).
PROPOSITION 2. (cf. Theorem 4.2 in [2].) // /(^ const.) is meromorphic on Ω and 7 e Ω, then either (1) / possesses a limit at 7 and is then (1, J(/,7)) on some sub-end Ω ί (dΩ and 7 e Ω±} with the exception of a set of capacity zero, on which f is of valency less than d(f,<y}, or else (2) the set of limiting values at 7 is the extended plane and f assumes every value infinitely often except for a set of capacity zero.
To prove this proposition, we may simply apply the reasoning in [2] and Theorem 21.2 in [3] .
We suppose that g is a preferred analytic function bounded on an end Ω which has the minimal local degree, say n, at 7 e Ω and that (1) g possesses zero as a limit at 7 and a non-zero limit at every other ideal boundary element of Ω, (2) g does not assume zero on Ω and is (1, n) on the closure of Ω with the exception of a set of capacity zero, and (3) g ! = 1 on the frontier of Ω. We consider an analytic function f on Ω such that sup Ω|/| < 1 holds. Then Let R be a Riemann surface. We now consider a system of curves {ΓJ such that Γ C R -R ϋ , R 0 being a simply connected compact subdomain of R, and Γ ~ 3^o i e. Γ is homologous to όR Q . Suppose further that Γ consists of a finite number of disjoint closed analytic curves, each of which divides R 2) On the definition of the ideal boundary element see Stoϊlow [8] .
into two disjoint parts. Let E -C/?»}~-ι be an exhaustion of R such that L n = c)Rn e {Γ} and {L} E be the union of {L} n for all n where {L} n is a set of curves of {Γ} contained in annuli including L n .^ We shall denote by O" a class of Riemann surfaces on which an exhaustion E such that \{L} E = 0 exists, where X{L}# represents the extremal length of {L}# (cf. Kusunoki [5] ). It is known that O" C O G (see [5] We shall call such a system a canonical homology basis of %-type with respect to the exhaustion {Rn}. § 3. Main Theorem.
Let R be an open Riemann surface belonging to the class O n and a^ β 19 -, &κ>βic,-' be a canonical homology basis of $ϊ-type with respect to the exhaustion E = {R n } such that \{L} E = 0. We slit ^ along a finite number of Λ», which may be assumed to be oί 19 9 ctq. The resulting surface R -ULitfjfe = ^ has the new boundary c£ 9 ideal boundary elements which will be denoted by γ t and γ 2 ith F, b (resp. F^w with F_ m+1 ) (w = 1, 2, -) . Denoting by G n = D^U^Dί-j u Dΰ-j) (n = 1, 2, •••) , we can see immediately that {_G<n} is a sequence of disjoint annuli such that, for each n, G n+1 separates G n from the ideal boundary of W. The harmonic modulus v n of G n satisfies the equality whence follows
Therefore we get Sw-i^n = °°, so that W e O<? by a result of Sario [7] , q. e. d.
It would be noted that an example of R and W satisfying the condition of this proposition can be constructed easily. This proposition can be verified by applying PROPOSITION 3 analogously as in [6] with some modification so that its proof will be omitted.
From PROPOSITION 5, we see that ψ °f Q (p) never takes 0 and oo on W while it takes every z exactly d Q times, except for a set of capacity zero.
For simplicity's sake, we shall write in the sequel merely / 0 (p) instead of
It is not difficult to see that the differential (f Q '(p) /fo(P))dζ is invariant under the cyclic group generated by T which is introduced at the beginning of this section. Thus, it is an Abelian differential of the first kind on R. We can easily verify that it has a finite Dirichlet integral over R.
Let Ω be an end on which \f Q (p)\ < p (p > 0) and C be the relative boundary of Ω. \f 0 (p)\ = p holds on C. We see immediately that r γ ί e Ω,f 0 (p) ΦO on Ω and/ 0 (/>) possesses non-zero limits at all ideal boundary elements Φ 7ι. Thus, without loss of generality, we may suppose that C = U*-ιΛ» It is known (see [1] ) that there exist Abelian differentials dwj of the first kind with finite Dirichlet integrals on R such that Since the right hand side tends to zero as n -> oo (see [5] ) , we obtain and the desired equality. By using the reasoning analogous to the corresponding one in [6] , we obtain the following relations: eΞOs. (i), (ii) and (iv) can be easily shown, (iii) follows from the following fact which has been shown in § 2 of Heins' paper [2] : There exists a Riemann surface R of null ideal boundary on which every meromorphic function assumes every value on the extended plane infinitely often except for two values at most.
According to (ii), (iii) and (iv), we see that OMD and O G intersect each other.
Now we introduce the notations defined by
First, we obtain
It follows immediately from the corollary of PROPOSITION 6 that O'L is a subclass of OMD In order to make sure that O' L is a proper subclass of OMD, it suffices to observe that a Riemann surface R, appeared in § 14 of [4] , satisfies the conditions: (1) there exist Lindelόfian meromorphic functions on R, and (2) any such a function assumes every value on the extended plane infinitely often.
Next, we shall show that OMD and OAB intersect each other. To see this, it suffices to show the following facts.
(vi) There exists a Riemann surface R such that R <Ξ OMD and R &O AB . (vii) There exists a Riemann surface R such that R e OMD and R &QAB. To show (iv), we construct a Riemann surface R which is obtained by modifying the Riemann surface appeared in § 14 of [4] . Let {a*} and {fe} Since the projection map of R thus defined onto (\z < 1) is an analytic function bounded on R, we obtain R φ O AB . To see R e OMD, it suffices to apply a reasoning analogous to § 14 in [4] and Theorem 4. 2 in [2] . We shall omit here the detailed argument for it.
To see (vii) , it suffices to consider an example in § 14 of [4] . To see (viii) , it suffices to consider a plane region admitting Green's function but no non-constant bounded analytic function.
Heins has obtained in § 13 of [4] the relation.
(ix)
OHB ^O L^ O AB .
According to (v) , (ix) and by observing the Riemann surface appeared in § 14 of [4] , we can immediately obtain the relation Further, we can easily see that (xi) 0^U0^50^;
here to see especially that the inclusion is proper, it suffices to observe a plane region which admits non-constant bounded analytic functions but no non-constant analytic function possessing finite Dirichlet integral.
Summing up the above relations (v) to (xi), we obtain the following inclusion schema:
We note that (B) remains true even if we confine ourselves to the respective subclasses formed by Riemann surfaces of infinite genus.
